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The gravitational collapse of a barotropic perfect fluid having the Equation of State (EoS)
p = kρ, where k is constant, is studied here in the framework of general relativity. We examine
the restrictions on the Misner-Sharp mass function, because of the introduction of such an EoS, in
terms of the compatibility of a certain pair of quasi-linear partial differential equations, obtained
from Einstein’s field equations. We find that except when this system of PDEs reduces to ODEs
because of additional symmetries imposed on the spacetimes, or when they become compatible
with each other in some special situations, consistent solution to perfect fluid collapse with linear
EoS is not available. The end state of collapse with no such constraint of EoS has also been
investigated. Since considering arbitrary pressures in a collapsing cloud to study its end state
is difficult as this requires information about the dynamics of collapse not known in general, we
consider small perturbations to mass profiles corresponding to inhomogeneous dust collapse. This,
in turn, provides small pressure perturbations to the otherwise pressureless fluid. The dependence
of visibility or otherwise of the singularity on initial conditions of collapse, in the presence or
absence of such perturbations is studied numerically. As long as no linear EoS is imposed on the
matter field, no incompatibility issue between its corresponding pair of PDEs arise, unlike the case
when k is restricted to be a constant.
keywords: Black Hole, Cosmic Censorship Hypothesis, Gravitational Collapse, Naked Sin-
gularity.
PACS numbers:
I. INTRODUCTION
One of the most widely recognized problems in the
foundation of gravitation physics is the Cosmic Censor-
ship Hypothesis (CCH)[1]. The hypothesis comes in two
forms: the weak and the strong versions. The weak ver-
sion of cosmic censorship hypothesizes that there can be
no singularity observable from future null infinity, that
is, the singularity is never visible to faraway observers in
the universe. The strong version suggests that singulari-
ties cannot be locally naked as well. By local nakedness
we mean that a family of null geodesics can escape away
from the singularity, however, it does not go beyond the
boundary of the matter cloud but falls back to the sin-
gularity again [2].
The singularity theorems [3], which prove the incom-
pleteness property of nonspacelike geodesics for a wide
class of spacetimes under physically reasonable condi-
tions, thereby making the singularities inevitable in gen-
eral relativity, have nothing to say about the properties
of the singularity thus developed, and whether they are
covered or not within a horizon of gravity. That is, no
such inevitability rule applies to the existence of the event
horizon that must cover the singularity. Thus the CCH
remains unproven regardless of many grave efforts.
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In the homogeneous dust collapse case, all the matter
shells collapse simultaneously to form an infinitely dense,
infinitely curved spacetime singularity. It was shown by
Oppenheimer and Snyder [4], and independently by Dutt
[5] that this singularity is necessarily covered by an event
horizon, thereby giving rise to a black hole as the col-
lapse end state. However, when in-homogeneity is intro-
duced in the density profile, it has been shown to give rise
to both the possibilities, namely a Black Hole or Naked
Singularity final states for the collapse [6, 7]. This is
essentially because inhomogeneity affects the formation
and geometry of the trapped surfaces, and thereby the
apparent horizon, that develops as the gravitational col-
lapse proceeds. If the time of formation of singularity
precedes the time of formation of the apparent horizon,
there is a possibility left for the outgoing null geodesics
to just escape away from the central shell-focusing singu-
larity. If this happens, then the strong cosmic censorship
is violated, i.e. the singularity becomes at least locally
naked.
Many collapsing models have been studied in which
the strong CCH is necessarily violated [8–10], however,
whether or not these models are physically viable is still
under discussion. For example, in the case of an inho-
mogeneous dust collapse, while it is physically more rel-
evant compared to the homogeneous case, one could still
argue that a physically viable scenario should have a non-
zero pressure, and considering such pressured collapsing
clouds might remove the possibility of the naked singu-
larity thus formed. But it was seen later that this is not
true in general. Many collapsing models having non-zero
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2pressures have been studied in detail wherein these are
shown to give rise to naked singularities (see e.g. [11–15],
and [16] for a review).
Here, we are interested in a collapsing cloud satisfy-
ing a linear equation of state p = kρ. While studying
the analytic model of gravitational collapse of a spher-
ically symmetric perfect fluid, one has a degree of free-
dom, hence a choice of specifying a function remains at
disposal. However, the equation of state puts an addi-
tional constraint, thereby closing the system of Einstein’s
field equations. Gravitational collapse and final states for
a barotropic spherical fluid were investigated by Giambo
et al [17], in which no simplifying assumption of self-
similarity (e.g. as used in [18–22] was used. They showed
that there exists a set of initial data giving rise to a naked
singularity. However, whether or not this set has a non-
zero measure, was unclear. The case of γ law EoS and
adiabatic condition was also studied [23], wherein the re-
sult does not have the ansatz of self-similarity. The end
state of collapsing perfect fluid specifically with linear
EoS has been investigated by Goswami and Joshi [24].
Within such a perspective, further investigation car-
ried out by us here reveals that the field equations have
a collapsing solution only for those situations where two
quasi-linear PDEs obtained from Einstein’s field equa-
tions are compatible with each other. For those mass
functions, which have incompatibility issues amongst its
corresponding two PDEs, it turns out that the linear EoS
parameter k cannot be constant anymore. This case in-
creases the complications of solving Einstein’s field equa-
tions. Hence an alternative tool at our disposal is to add a
perturbation to the mass profile for dust collapse, to take
an example. This, in turn, causes a non-zero pressure to
come into the picture. We then follow the collapse for-
malism developed and used in [25], to understand how
the end state is affected due to this perturbation. In
other words, we investigate whether or not the singular-
ity formed is locally naked.
It may be worth noting that the fascination about the
end state of an unhindered gravitational collapse being
visible lies in the fact that such a realm would be essen-
tially governed by quantum gravity. One could speculate
that if these effects can communicate to the far away ob-
servers, it could provide us with information about the
quantum aspects of gravity, and this would help us pos-
sibly unify the fundamental forces of nature.
The paper is organized as follows: Section II gives Ein-
steins field equations and the regularity conditions. Sec-
tion III discusses the general solution of a particular type
of partial differential equation, the quasi-linear PDE that
comes from Einstein equations. This is then applied to
get general solutions of PDE obtained by using p = kρ,
in section IV. Along with it, this section also discusses
some examples such as the dust collapse, homogeneous
perfect fluid collapse with non-zero pressure, and self-
similar collapse, all of which follow linear EoS with the
corresponding PDE reducible to a simpler form. In Sec-
tion V, a formalism for understanding the final state of
collapse is discussed in as general way as possible. This
formalism is then used to deal with different forms of per-
turbations to the mass profile of dust collapse in Section
VI. The final section gives conclusions derived here.
II. EINSTEIN EQUATIONS
The general metric representing gravitational collapse
of a spherically symmetric cloud of perfect fluid, in co-
moving coordinates t and r, having energy-momentum
tensor Tµν = diag(−ρ, p, p, p), is given by
ds2 = −e2ν(t,r)dt2 + e2ψ(t,r)dr2 +R2(t, r)dΩ2. (1)
The Einstien’s field equations with 8piG = c = 1 turn out
to be
ρ = F
′
R2R′ , (2)
p = − F˙
R2R˙
, (3)
ν′ = − p′ρ+p , (4)
2R˙′ = R′ G˙G + R˙
H′
H , (5)
where,
G(t, r) = e−2ψR′2; H(t, r) = e−2νR˙2. (6)
The superscripts dot and prime denote here partial
derivatives with respect to the coordinates t and r resec-
tively. Here, F is the Misner-Sharp mass function given
by
F = R(1−G+H). (7)
F denotes the mass of the cloud inside a shell of radius
r at time t. It can also be expressed as F = r3M where
M is a suitably differentiable function such that it does
not vanish or blow up in the limit of approach to the
center. This is to preserve the condition of regularity of
the Misner-Sharp mass at the regular center, and also to
satisfy the condition that the energy density at the regu-
lar center, before the formation of central shell-focusing
singularity, remains finite. An additional restriction is
imposed on M as follows,
M′(t, 0) = 0. (8)
This ensures that the energy density does not have any
cusps at the regular center.
The metric component R(t, r) is the physical radius
of the cloud. To get a collapsing solution, the restriction
R˙ < 0 needs to be imposed. We can express R as follows:
R(t, r) = rv(t, r), (9)
The scaling is done in such a way that R(ti, r) = r, i.e.
v(ti, r) = 1, where ti is the initial time for collapse. Now,
the collapsing situation can be expressed as v˙ < 0. The
3benefit of expressing R in this manner is that the shell-
focussing singularity formation can now be described by
vanishing value of v. The physical radius R can vanish
when r = 0 or v = 0. However, the case r = 0, v 6= 0
describes a regular center and cannot be termed as a sin-
gularity. Also, when v 6= 0, the energy density will not
blow up at the regular center r = 0. Hence by intro-
ducing the scaling function v(t, r) in the way as above,
the energy density blows up only at v = 0, i.e. at the
singularity. An alternate benefit of introducing the scal-
ing function is that the collapse formalism could now be
studied in the transformed (r, v) coordinates, instead of
(t, r) coordinates.
It is observed that in the current situation, there is a
total of five field equations in six unknowns, ρ, p, ν, ψ,
R and F , i.e. two matter variables, three metric com-
ponents, and the Misner-Sharp mass function. Hence,
there is a freedom of choice of one free function. How-
ever, when we consider a barotropic fluid following a re-
lation p = p(ρ), then no freedom of choice remains any
longer. Our interest in this work lies in the linear relation
p = kρ, where k is a constant and is called the linear EoS
parameter. Using the first two field equations, the fol-
lowing partial differential equation is obtained in terms
of M:
krM, r + ((k + 1)rv′ + v)M, v = −3kM. (10)
Here, the superscript prime, as usual denotes a partial
derivative with respect to r in the (t, r) coordinates. The
subscripts ,r and ,v denote partial derivatives with respect
to r and v respectively in (r, v) coordinates.
III. ON THE NATURE OF QUASI-LINEAR PDE
The first order quasi-linear PDE above of our interest
is of the form
M(x, y, z)z,x +N(x, y, z)z,y = P (x, y, z) (11)
This type of equation was first studied systematically by
Lagrange, hence it is also referred to as Lagrange’s equa-
tion [26]. The solution of Eq.(11) is an integral surface
which could be expressed implicitly as,
K(x, y, z) = z(x, y)− z = 0. (12)
Eq.(11) can hence be alternatively written as
(M,N,P ).∇K = 0, (13)
indicating that (M,N,P ), which is called the character-
istic direction, lies in the tangent plane of the integral
surface z(x, y), provided that ∇K(x, y, z) 6= 0. The char-
acteristic equations are given by
dx
M
=
dy
N
=
dz
P
. (14)
If a(x, y, z) = 0 and b(x, y, z) = 0 are the solutions of the
above characteristic equations, then the general solution
of Eq.(11) is obtained as,
F(a, b) = 0, (15)
where F is an arbitrary function of a and b. This is
because of the following reason:
1. We differentiate a(x, y, z) = 0 and b(x, y, z) = 0 to
get
axdx+ aydy + azdz = 0, (16)
bxdx+ bydy + bzdz = 0. (17)
2. Since a = 0 and b = 0 satisfy Eq.(14), we get
Max +Nay + Paz = 0, (18)
Mbx +Nby + Pbz = 0. (19)
Solving the above equations simultaneously leads
to
M
∂(a,b)
∂(y,z)
=
N
∂(a,b)
∂(z,x)
=
P
∂(a,b)
∂(x,y)
. (20)
where the denominators are the Jacobian matrices.
3. Now, differentiating Eq.(15) with x and y gives re-
spectively,
F,a(a,x + a,zz,x) + F,b(b,x + b,zz,x) = 0, (21)
and
F,a(a,y + a,zz,y) + F,b(b,y + b,zz,y) = 0. (22)
Solving these two equations and using Eq.(20) gives
Eq.(11), indicating that Eq.(15) is indeed a general
solution of the partial differential Eq.(11).
Now, we discuss particular solution of Eq. (11). For
this, an initial curve through which an integral surface
z(x, y) passes, has to be specified. The condition for ex-
istence and uniqueness of such a solution is materialized
in what is known as the Cauchy problem. This problem
can be formulated in eight different ways, all of which
are equivalent to one another [26, 27]. One of the rep-
resentation, and a particular case of our interest, stated
geometrically is as follows:
Cauchy Problem: For a given curve T , ∃ a surface z =
φ(x, y) passing through T such that at every point on the
surface, the direction of the normal ∇K = (zx, zy,−1) is
such that Eq (11) holds.
We refer to [26] for further details on Cauchy problem,
and a classical theorem given by Kowalewski.
4IV. THE COMPATIBILITY ISSUE WITH
CONSTANT k
We now apply the techniques mentioned above to solve
Eq(10). The parametric form of the integral surface
which is a solution of Eq.(10), is expressed as
r = r(s1, t1), v = v(s1, t1), M =M(s1, t1). (23)
where s1 and t1 are parameters of the integral surface
M(r, v) satisfying Eq.(10). The corresponding charac-
teristic equations are
dr
dt1
= kr, (24)
[k + 1]r dvdr − dvdt1 = −v, (25)
dM
dt1
= −3kM. (26)
To find general solution of Eq.(10), we solve Eq.(24) and
Eq.(25) simultaneously to get
a(r, v,M) = rv = c1. (27)
Similarly, solving Eq.(24) and Eq.(26) simultaneously
gives
b(r, v,M) = r3M = c2. (28)
Here, c1 and c2 are constants. Hence, Eq. (15) tells us
that the general solution of Eq.(10) is
F(R,F ) = 0. (29)
Now, we try to get a particular class of solutions satis-
fying Eq.(10) by imposing suitable initial conditions rep-
resenting an initial curve. Out of the three characteristic
equations, Eq.(25) is itself a quasi-linear PDE. The char-
acteristic equations for this PDE are as follows:
dr
dt2
= r(k + 1), (30)
dt1
dt2
= −1, (31)
dv
dt2
= −v, (32)
where the integral surface, which is the solution of
Eq.(25) can be expressed in parametric form as
r = r(s2, t2), t1 = t1(s2, t2), v = v(s2, t2). (33)
To find the general solution satisfying Eq.(25), we solve
Eq.(30) with Eq.(31) and Eq.(31) with Eq.(32) simulta-
neously to get
r
1
k+1 et1 = c3 (34)
and
ve−t1 = c4 (35)
respectively, provided k 6= −1. This gives the general
solution of Eq.(25) as
G
(
r
1
k+1 et1 , ve−t1
)
= 0. (36)
Characteristic curves for the characteristic equations
Eq.(30), Eq.(31) and Eq.(32) in terms of the parameters
s2 and t2 are follows:
r(s2, t2) = r0(s2)e
(k+1)t2 , (37)
t1(s2, t2) = −t2 + t10(s2), (38)
v(s2, t2) = v0(s2)e
−t2 . (39)
where the subscript ‘0’ denotes the value of the function
corresponding to t2 = 0, for e.g. r0(s2) = r(s2, 0). The
solution of Eq.(25) depends on our choice of initial condi-
tions. Coming to the characteristic equations of Eq.(10),
the characteristic curves corresponding to Eq.(24) and
Eq.(26) are obtained as
r(s1, t1) = r0(s1)e
kt1 , (40)
M(s1, t1) =M0(s1)e−3kt1 , (41)
where the subscript ‘0’ denotes the value of the function
corresponding to t1 = 0. At the initial surface v = 1 we
have,
M(r, 1) = f(r) (42)
where f(r) is a suitably differentiable function. The ini-
tial curve of the integral surface M(r, v) then is repre-
sented in parametric form as
r0(s1) = s1, v0(s1) = 1, M0(s1) = f(s1). (43)
Using this, along with Eq.(40) and Eq.(41) gives
M(r, t1) = f(re−kt1)e−3kt1 . (44)
Multiplying both sides of above equation by r3 gives
F − f1(re−kt1) = 0, (45)
where f1(x) = x
3f(x). In order for Eq.(45) to be a par-
ticular solution of Eq.(29), r should be non-minimally
coupled with v everywhere so that F − f1(R) = 0. This
is required because a particular solution of Eq (29) should
be in terms of only F and R. From this argument, we
obtain
vekt1 − 1 = 0. (46)
However, this can never be a particular solution of
Eq.(36) for the given initial condition except when k =
−1. This is because, the above equation cannot be pro-
duced from any combination of the terms r
1
k+1 et1 and
ve−t1 for k 6= 1. In other words, Eq.(46) does not satisfy
Eq.(25). Hence, we conclude that Eq.(29) and Eq.(36)
are not compatible with each other in general. However,
there can be exceptions when the Eq.(10) and Eq.(25)
are compatible with each other. This happens in some
cases when Eq.(10) becomes an ODE, or under some ad-
ditional symmetries. Some examples of this type, having
constant k are as follows:
51. When k = 0, the Eq.(10) reduces to
(rv′ + v)M,v = 0 (47)
which reduces to M,v = 0, since we assume no
crossing of the shell by imposing the condition R′ >
0, thus implying M is a function of r only. It is
observed that in case of dust, the general solutions
Eq.(29) and Eq.(36) do not arise at all and hence
incompatibility issue of these equations is not faced.
2. For homogeneous collapse with non-zero pressure,
we get v = v(t), and hence the partial differential
Eq.(10) reduces to
krM, r + vM, v = −3kM, (48)
solving which, the general solution is obtained as
H(r 1k v−1,Mv3k). (49)
Here, there is no second PDE like Eq.(25) and
hence no question of compatibility arises.
3. In case of self-similar gravitational collapse [18–
22], ν, ψ and v can be expressed as functions of
X = t/r, where X is called the similarity parame-
ter. The function M is found using Eq.(7) as
M = ζ(X)
r2
, (50)
where
ζ(X) = v(1 + e−2ψ(Xv,X − v) + e−2ν(v,X)2). (51)
This reduces the partial differential Eq.(10) to an
ordinary differential equation in X as follows:
kζv,X − (k + 1)Xv,Xζ,X + vζ,X = 0. (52)
Since this is an ODE, we will not have a situation
in which the general solutions Eq.(29) and Eq.(36)
arise and hence the compatibility issue is not re-
quired to be tackled.
What the above considerations show is, except when
the above system of PDEs reduce to ODEs due to addi-
tional symmetries imposed on the spacetime, such as e.g.
self-similarity, or in some rather special situations when
these become compatible with each other, consistent so-
lutions to perfect fluid collapse with a linear equation of
state p = kρ will not be available. In a sense, this ex-
plains the severe lack of such solutions to the Einstein
equations in general relativity in the literature so far.
When k is not restricted to being a constant, the gen-
eral solution of Eq. (10) is same as Eq.(29) and that of
Eq.(25) is
J
(
t1 +
∫
dr
(k + 1)r
, ve−t1
)
= 0. (53)
A suitable initial condition, Eq.(42) gives
F = f1
(
re−
∫
kdt1
)
(54)
Analogous to the way it was done in the case of constant
k before, for this to satisfy Eq.(29), r should be non-
minimally coupled with v everywhere, from which
e−
∫
kdt1 = v (55)
is obtained. Differentiating this with respect to t1 gives
dv
dt1
= −vk. (56)
The above equation along with Eq.(25) gives the follow-
ing expression of v:
v =
q(t1)
r
, (57)
where q(t1) is an arbitrary suitably differentiable func-
tion. Solving Eq.(55) with Eq.(57) gives the expression
of k as
k(t1, r) =
q drdt1 − r
dq
dt1
r2v(t1, r)
. (58)
Hence, there is no incompatibility issue in this case even
if the partial differential Eq.(10) is not reducible to any
simpler form, unlike the above three cases.
The next important problem which needs to be ad-
dressed is a formalism to determine the end state of a
collapse of a matter cloud with no incompatibility issue
such as above. This is presented in the following section.
V. FINAL STATE OF COLLAPSE
We now recall the formalism developed earlier [25, 31]
to study the end state of collapse for the following cases:
• Collapsing clouds with linear EoS, having no in-
compatibility issue amongst the two PDEs, Eq.(10)
and Eq.(25). The three configurations, namely
dust, homogeneous perfect fluid, and self-similarity,
mentioned in the previous section, come under this
category. These models are very well understood.
• Collapsing clouds not following linear EoS, how-
ever, where the corresponding partial differential
Eq.(10) may not be reducible. This category in-
cludes cloud having arbitrary pressures.
First, we define a suitably differentiable function
A(r, v) as follows:
A,v = ν
′ r
R′
. (59)
6Integrating Eq.(4) along with using the above equation
allows us to express G as
G(r, v) = b(r)e2A(r,v), (60)
where b(r) is an integration constant (with respect to v),
and is related to the velocity with which the matter shells
fall in. Near the regular center, b can be expressed as
b(r) = 1 + r2b0(r). (61)
Now, it is easy to make an analogy of b0(r) with that of
the Lemaitre-Tolman-Bondi (LTB) model [28–30], which
has the criterion that depending on the polarity of b0,
we can get bound, unbound and marginally bound LTB
collapse for b0 < 0, b0 > 0 and b0 = 0 respectively.
Equation of motion can be found using Eq.(7) as
v˙ = −eν
√
M
v
+
be2A − 1
r2
. (62)
After substituting for pressure and density in terms of
Misner-Sharp mass function F and expressing it as F =
r3M, we get
ν′ =
M,vrv + (M,vvv − 2M,v)v′
(3M+ rM,r −M,v)v R
′, (63)
where v′ is the derivative of v with respect to r in (t, r)
coordinates and the subscript ,r denotes the derivative
with respect to r is (r, v) coordinates. For small r, M
can be expanded as a Taylor series around the regular
center r = 0 as
M = M0 +M2r2. (64)
Here M1 is taken as zero to avoid cusp at the center in
the density profile as in Eq.(8). A(r, v) near the regular
centre can be expanded as A(r, v) = A0(v) + A1(v)r +
A2(v)r
2 + ..... However, the form of mass function which
we consider leads to A0 = A1 = A3 = 0. Using Eq.(59)
along with the expression for ν′, i.e. Eq.(63), allows us
to write A(r, v) = A2(v)r
2 where
A2(v) =
∫ 1
v
2M2,v +
(
M0,vv − 2M0,vv
)
v′,r
3M0 −M0,vv dv. (65)
Eq.(62) can be integrated to get
t(r, v) = t(r, 1) +
∫ 1
v
e−ν√
M
v +
be2A−1
r2
dv. (66)
Here t(r, v) is a C2 function at least, in order for the
regularity condition to hold, and hence can be expanded
in the neighbourhood of the regular center as
t(r, v) = t(0, v) + χ1(v)r + χ2(v)r
2 +O(r3), (67)
where χ1(v) =
dt(r,v)
dr |r=0 and χ2(v) = 12 d
2t(r,v)
dr2 |r=0 at
the regular center r = 0.
Now, the equation for outgoing radial null geodesics is
given by
dt
dr
= eψ−ν . (68)
For the geodesics to cease at the singularity in the past,
we should have R→ 0 as t→ ts along these curves. Eq.
(68) in terms of R and u = rα, where α > 1, can be
expressed as
dR
du
=
1
α
R′
rα−1
(
1 +
R˙
R′
eψ−ν
)
. (69)
Using Eq.(7) and some re-arrangement gives us
dR
du
=
1
α
R
u
+
√
vv′r
5−3α
2√
R
u
( 1− FR√
G(
√
G+
√
H)
)
.
(70)
For a singularity to be naked (at least locally), the tan-
gent to the future directed radial null geodesics, which
cease at the singularity in the past, we should have
dR
du > 0 at the singularity in the (R, u) plane [31], and
also it should be finite. Using L’Hospital’s rule, we get,
X0 = lim
(R,u)→(0,0)
R
u
=
dR
du
. (71)
Along any constant v surface, dv = v′dr + v˙dt = 0, and
hence,
√
vv′ could be obtained from Eq.(62), which is
then substituted in Eq.(70) along with using Eq.(71) to
obtain,
X
3/2
0 =
1
α− 1
√
M0(0)χ1(0)r
5−3α
2 (72)
if χ1 6= 0, and
X
3/2
0 =
1
α− 1
√
M0(0)χ2(0)r
7−3α
2 (73)
if χ1 = 0 and χ2 6= 0. Here, since r → 0 in the
above two equations, it could be concluded that for a
certain value of α, i.e. α = 53 in Eq.(72) and α =
7
3
in Eq.(73), the polarity of χ1 (χ2 if χ1 = 0) completely
determines the positivity, or otherwise, of the tangent of
the future directed null geodesics ceasing at the singu-
larity, at (R, u) = (0, 0). In fact it can be seen that the
initial conditions causing the first non-zero χi > 0 will
cause the time curve of the apparent horizon to be in-
creasing, leading to the formation of singularity prior to
the formation of trapped surfaces, causing a chance for
a family of outgoing null geodesics of non-zero measure
to leave the central singularity. The time curve of the
singularity is given by
t(r, 0) = ts(r) = ti +
∫ 1
0
e−ν√
M
v +
be2A−1
r2
dv, (74)
7from which χ1(0) is calculated as
χ1(0) = −1
2
∫ 1
0
b01(
M0
v + b00 + 2A2
) 3
2
dv. (75)
Here, b00, b01, etc. are components of Taylor expansion of
b0 around the regular center. If b01 6= 0, then the polarity
of b01 determines the end state. However, if b01 = 0, we
move on to investigating χ2 and based on its polarity,
the end state of the collapse can be determined using the
expression given by
χ2(0) =
∫ 1
0
[
3
8
b201(
M0
v + b00 + 2A2
) 5
2
− g2√
M0
v + b00 + 2A2
− 1
2
M2
v + 2A
2
2 + 2b00A2 + b02(
M0
v + b00 + 2A2
) 3
2
]
dv. (76)
where
g2 =
1
2
vA2,v. (77)
In the next section, we now consider a pressureless
(dust) collapse and add a small perturbation in M,
which correspondingly gives a small pressure perturba-
tion within the collapsing matter cloud. Our goal is to
examine, how such a pressure perturbation affects the
final state of collapse in terms of either a black hole or
naked singularity formation.
VI. PRESSURE PERTURBATIONS IN DUST
WITH INHOMOGENEITY
In the absence of any EoS, we have five field equations
in six unknowns as mentioned in Section II. Hence, we are
left with one degree of freedom and thereby allowed to
specify how the mass profileM evolves with the collapse.
In case of zero pressure, i.e. inhomogeneous dust, the
corresponding mass profile near the regular center, up to
two orders in r is given by
M(r, v) = m0 +m2r2, (78)
where m0 and m2 are constants, since if they depend on
v, then the pressure becomes non-zero necessarily, as is
apparent from Eq.(3).
A. Different types of perturbations
We consider here three types of perturbations to
the mass profile corresponding to inhomogeneous dust,
Eq.(78). This gives the modified, or perturbed mass pro-
file as follows:
1. M(r, v) = m0 +m2r2 + δ1(v)r2.
The perturbed part, δ1(v), is minimally coupled to
the component m2 of order (r
2) of the Taylor ex-
pansion of mass profile of dust. The expressions for
the functions required to determine the outcome
of end state of collapse corresponding to this M,
hereinafter referred to as type 1 function, could be
obtained from Eq.(65) as follows:
A2I = −
2
3m0
δ1, g2I = −
v
3m0
δ1,v. (79)
For (r, v) close to (0, 0), R′ = rv′+v can be approx-
imated as R′ ∼ 2v, where we have used L’Hospital’s
rule to approximate v′ as vr . For r close to zero and
v >> 0, we have R′ ∼ v. The density and pres-
sure profiles for this mass function approximated
for very small r but large v, are obtained from
Eq.(2) and Eq.(3) respectively, and are given by
ρI =
3m0
v3
+ 5
m2 + δ1
v3
r2, pI = −δ1,v
v2
r2. (80)
The formulation for density is valid only for very
early phases of collapse, and not near the time of
formation of the singularity, since R′ is approxi-
mated by v. The linear EoS parameter, which is
the ratio of pressure and density, turns out to be
kI(r, v) = − δ1,vvr
2
3m0 + 5(m2 + δ1)r2
. (81)
2. M(r, v) = m0 +m2δ2(v)r2.
The perturbed part, δ2(v) is non-minimally cou-
pled to the component m2 of the unperturbed mass
profile. On similar lines as the previous case, the
expressions for the functions required to determine
the outcome of the end state of collapse correspond-
ing to this M, hereinafter referred to as type 2
function, is obtained from Eq.(65) as follows:
A2II = −
2m2
3m0
(1− δ2), g2II = −
vm2
3m0
δ2,v. (82)
The density and pressure profile for this mass pro-
file are obtained using Eq.(2) and Eq.(3) respec-
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FIG. 1: The horizontal axis is b00 and the vertical axis is b02. Here m0 = 1 and m2 = −0.1. The entire region above (below)
the solid curve gives a black hole (naked singularity) as end state. Adding positive (negative) perturbation to the unperturbed
M = m0 +m2r2 shifts this curve to the one represented by dashed (dotted) curve indicating that small pressure could change
the outcome of the collapse. γ = 0.1(−0.1), β = 1(−1) and C1 = 0.1(−0.1) for positive (negative) perturbation. Also α = 1.5
in 1.(a) and C2 = 1 in 1.(e). The regions bounded/separated by the solid, dashed and/or dotted curves are denoted by A, B,
C, D and E.
9δ1 = γ(1− v)αr2 Dust γ = 0.1 γ = −0.1
Black Hole: A, B A, B, C A
Naked Singularity: C, D D B, C, D
δ2 = β(v + v
2 − v3)r2 Dust β = 1
Black Hole: A, A, B
Naked Singularity: B, C C
δ1 = γ(v − v2)r2 Dust γ = 0.1 γ = −0.1
Black Hole: A, B A, B, C A
Naked Singularity: C, D D B, C, D
δ2 = β(v − v2 + v3)r2 Dust β = 1
Black Hole: A A, B
Naked Singularity: B, C C
δ3 = C1v
3 + C2 Dust C1 = 0.1, C2 = 1 C1 = −0.1, C2 = 1
Black Hole: A, B, C A A, B. D
Naked Singularity: D, E B, C, D, E C, E
TABLE I: Classification of different regions in the (b00, b02) plane on the basis of the outcome of its end state, for different
perturbations corresponding to each of the four perturbations. Here α = 1.5 in the first perturbation.
tively, and given by
ρII =
3m0
v3
+ 5
m2δ2
v3
r2, pII = −m2δ2,v
v2
r2. (83)
Here as well, R′ is approximated by v so that the
approximation for density holds good for v >> 0
and r near zero. The linear EoS parameter is
kII = − m2δ2,vvr
2
3m0 + 5m2δ2r2
. (84)
3. M = m0 + δ3(v) +m2r2.
The perturbation δ3(v), given to the component
m0 of mass profile corresponding to inhomogeneous
dust Eq.(78), causes an obstruction in calculating
A2 because of the presence of v
′
,r term in the nu-
merator of Eq.(65), which demands the knowledge
of the function v(t, r), or in other words, the dy-
namics of collapse, which is not known in a general
scenario. A particular case for which the require-
ment of v could be avoided is when M0,vv =
2M0,v
v .
Such a condition can be achieved by choosing δ3(v)
as
δ3(v) = C1v
3 + C2, (85)
giving us the mass profile hereinafter referred to
as type 3 perturbation. A2 corresponding to such
perturbed mass profile vanishes, and so does g2.
The density for v >> 0 and r close to zero, and
pressure profile is obtained using Eq.(2) and Eq.(3)
respectively, and is given by
ρIII =
3(m0 + C1v
3 + C2) + 5m2r
2
v3
, pIII = −3C1.
(86)
The linear EoS parameter is
kIII =
3C1v
3
3(m0 + C1v3 + C2) + 5m2r2
. (87)
In all the three types, once we get the value for A2 for
each case, we use it to find the polarity of χ2, provided
b01 is equal to zero, by using Eq.(76). Along with A2, we
also substitute in this equation, the values M0 and M2,
which in these cases are components of Taylor expansion
of perturbed mass profile (for example, in type 1 pertur-
bation, we have M0 = m0 and M2 = m2 + δ1(v)). For
b01 6= 0, the polarity of χ1 is required to determine the
end-state of collapse, which is based on the polarity of
b01 only. This is because,
M0
v + b00 + 2A2 > 0 always, to
avoid the emergence of imaginary term in Eq.(75). This
means that adding pressure perturbation to the pressure-
less collapse does not cause any change in the outcome
of the end state if b01 6= 0.
One could alternatively think about starting with a
homogeneous perfect fluid (non-zero pressure) and then
bringing it closer to a more realistic model by adding a
perturbation such that it makes the perfect fluid inhomo-
geneous. In this case, the unperturbed mass profile is a
function of time only, i.e. M =M(t), nevertheless, in the
(r, v) coordinates, it is a function of both r and v, making
the components m∗0 and m
∗
2 of the Taylor expansion ofM
around r to be functions of v instead of being constants
as in the case of zero pressure. This makes the integral
Eq.(65) difficult to solve due to the presence of v′,r term,
unless either M0 is constant or at least M0,vv =
2M0,v
v
similar to what we saw in case of type 3 perturbation. In
case of homogeneous dust collapse, v = v(t) and hence
v′ = 0, which if used in Eq.(65) causes the second term in
the numerator to vanish. However, the question is: Can
we substitute this in Eq.(65) along with substituting the
components M0 and M2 of the perturbed mass profile?
The answer to this is not in affirmative. This is because
the perturbed fluid is no longer homogeneous and hence
v = v(t) does not hold anymore.
It should be noted that in the case of giving perturba-
tion in the mass profile of an inhomogeneous dust, caus-
ing perturbation of a non-zero pressure, i.e. giving type
1, type 2 or type 3 perturbations, no such problem is
faced.
10
γ = 0.1α = 1.5
0.6 0.7 0.8 0.9 1.0
v
5.×10-6
0.00001
0.000015
0.00002
0.000025
0.00003
k
(a)M(r, v) = m0 +m2r2 + γ(1− v)αr2
γ = -0.1α = 1.5
0.6 0.7 0.8 0.9 1.0
v
-0.00003
-0.000025
-0.00002
-0.000015
-0.00001
-5.×10-6
k
(b)M(r, v) = m0 +m2r2 + γ(1− v)αr2
γ = 0.1
0.6 0.7 0.8 0.9 1.0
v
0.00001
0.00002
0.00003
0.00004
0.00005
k
(c)M(r, v) = m0 +m2r2 + γ(v − v2)r2
γ = -0.1
0.6 0.7 0.8 0.9 1.0
v
-0.00005
-0.00004
-0.00003
-0.00002
-0.00001
k
(d)M(r, v) = m0 +m2r2 + γ(v − v2)r2
β = 1
0.6 0.7 0.8 0.9 1.0
v
5.×10-60.00001
0.000015
0.00002
0.000025
0.00003
0.000035
k
(e)M(r, v) = m0 +m2β(v + v2 − v3)r2
β = 1
0.6 0.7 0.8 0.9 1.0
v
0.00002
0.00004
0.00006
0.00008
0.0001
k
(f)M(r, v) = m0 +m2β(v − v2 + v3)r2
C1 = 0.1
C2 = 1
0.6 0.7 0.8 0.9 1.0
v
-0.04
-0.03
-0.02
-0.01
k
(g)M(r, v) = m0 + C1v3 + C2 +m2r2
C1 = -0.1
C2 = 1
0.6 0.7 0.8 0.9 1.0
v
0.01
0.02
0.03
0.04
0.05
k
(h)M(r, v) = m0 + C1v3 + C2 +m2r2
FIG. 2: Dynamics of EoS parameter (k) with the transformed co-ordinate (v) for mass profiles corresponding to different types
of perturbations, as mentioned in the sub-figures, and corresponding to different radial co-ordinates (r) taking values 0.01, 0.02,
0.03 and 0.04, represented by red, green, yellow and blue colors respectively. Since the approximation R′ ∼ v has been used,
the formula for EoS parameter holds true only for v far from zero and r close to zero.
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B. Observations
• The results obtained are compressed and depicted
in Fig.(1) for five different expressions of pertur-
bation corresponding to type 1, type 2 and type
3 in M. It depicts the changes obtained in the
outcome of the end state due to the addition of
these perturbations (one at a time). This can be
investigated by checking if for a given value of ini-
tial condition, in this case (b00, b02), i.e. the com-
ponents of the Taylor expansion of velocity profile
around regular center, whether or not the polarity
of χ2 is affected due to consideration of perturbed
mass profile as compared to the unperturbed (in-
homogeneous dust) mass profile. As an example, in
Fig.(1a), in absence of any perturbation, the region
(b00, b02) is divided by a solid curve on the basis of
polarity of χ2. Values of (b00, b02) above this curve
when substituted in Eq.(76) give negative value of
χ2, while those points below the solid curve give
positive values of χ2. Hence regions A and B give
the endstate as a black hole while the regions C and
D give the end state as a naked singularity. Adding
perturbation to this mass profile will change the
way the region (b00, b02) is divided. In presence of
negative type 1 perturbation, the dotted curve in
Fig.(1a) separates this region in such a way that all
points above this curve, i.e. region A ends up in a
black hole while all points below it, i.e. regions B,
C, and D end up in a naked singularity. Hence we
could see that region B, which ended up in a black
hole now ends up to be a naked singularity in the
presence of negative type 1 perturbation. Similarly,
other figures could be understood.
• Table (1) presents the classification of regions in
the (b00, b02) plane based on whether the end state
turns out to be a black hole or a naked singularity,
for each form of perturbations mentioned.
• We demand the matter field obtained due to the
perturbation δ(v) inM to satisfy at least the weak
energy condition, which in the case of a perfect fluid
is expressed as
ρ ≥ 0; ρ+ p ≥ 0. (88)
This could be confirmed from Fig.(2), which is a
plot for the dynamics of the EoS parameter k as far
as v >> 0, for different radial coordinates r close
to zero. It is assured that k > −1 always and in all
the perturbations taken into consideration, at least
during the initiation of the collapse. The polarity
of pressure could be obtained from the polarity of
k as seen in Fig.(2). It could be equivalently shown
that even near the time of formation of singularity,
i.e. v near zero, the weak energy condition holds. It
is also observed that the satisfaction of weak energy
condition restricts the coefficients of the perturbed
part in the mass profile, i.e. the coefficients γ, α,
β, C1 and C2.
VII. CONCLUDING REMARKS
Here, we discuss the concluding points and also note
some open concerns:
1. Presence of linear EoS p = kρ with constant k puts
a severe restriction on the expression which the
mass profile M, satisfying regularity conditions,
could take. The restriction is such that the par-
tial differential equation in M, Eq.(10) must be
compatible with one of its characteristic equations,
namely, the partial differential Eq.(25). It should
be noted that in the absence of any EoS, the field
equations have an additional degree of freedom and
hence freedom of choice for the expression of mass
profile (or equivalently the mass function).
2. Some examples following linear EoS, like inhomo-
geneous dust, self-similarity, and homogeneous per-
fect fluid, have their mass profiles such that their
corresponding partial differential Eq.(10) can be re-
ducible to simpler forms. In such cases, the collapse
endstates can be worked out clearly.
3. For those mass profiles for which the Eq.(10) is ir-
reducible to a simpler form, k has to be a variable
for M to satisfy Einstein’s field equations.
4. Collapsing matter clouds formed due to perturba-
tion in the mass profile corresponding to inhomo-
geneous dust has a non-zero pressure, making the
cloud more realistic compared to inhomogeneous
dust which has zero pressure. The matter cloud
thus created has a variable EoS parameter k. Care
has been taken to maintain the weak energy condi-
tion of the newly formed matter cloud. Providing
the perturbation may or may not change the end
state of collapse, depending on its type and veloc-
ity profile of the collapse. The motivation to do
the perturbation analysis here is to show that at
least as long as no linear EoS is imposed on the
matter field, no in-compatibility issue between its
corresponding Eq.(10) and Eq.(25) arises, which is
unlike what we get when k is restricted to be a
constant. Hence we can proceed to investigate the
nature of singularity thus formed.
5. It is important to note that to avoid the usage of the
dynamics of collapse, i.e. the information about the
scaling function, some restriction has to be imposed
on the type of perturbation thus provided. For in-
stance, if the perturbation is coupled to the zeroth
component of the Taylor expansion of mass profile
of the inhomogeneous dust, the resulting mass pro-
file should have the property that M0,vv =
2M0,v
v .
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This limitation is due to the absence of mathemat-
ical tools to deal with a more general perturbation.
The very reason we take the approach of adding
pressure perturbation to dust instead of starting
with an arbitrary pressure in investigating the end
state of the collapse is the lack of knowledge of the
behavior of the scaling function.
6. We also highlight the fact that only the local
nakedness of the singularity has been investigated,
i.e. the question of whether a future-directed null
geodesic can escape the central singularity is an-
swered. Whether or not this geodesic can escape
the boundary of the cloud is not discussed and
is an open problem which is needed to be inves-
tigated separately in a cloud having non-zero pres-
sure. Since the scale of the cloud is kept arbitrary,
if the size of the collapsing cloud is considered very
large, even a locally visible singularity can be vis-
ible to observers close to the singularity. Hence,
local nakedness, provided it is generic, should not
be taken lightly and can be considered as significant
defiance of cosmic censorship.
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